Regge Trajectories Revisited in the Gauge/String Correspondence by Zayas, Leopoldo A. Pando et al.
ar
X
iv
:h
ep
-th
/0
31
11
90
v2
  2
9 
D
ec
 2
00
3
hep-th/0311190
MCTP-03-45
PUPT-2100
Regge Trajectories Revisited
in the Gauge/String Correspondence
Leopoldo A. Pando Zayas1, Jacob Sonnenschein2 and Diana Vaman3
1 Michigan Center for Theoretical Physics
Randall Laboratory of Physics, The University of Michigan
Ann Arbor, MI 48109-1120
2 School of Physics and Astronomy
Beverly and Raymond Sackler Faculty of Exact Sciences
Tel Aviv University, Ramat Aviv, 69978, Israel
3 Department of Physics
Princeton University
Princeton, NJ 08544
Abstract
We attempt to obtain realistic glueball Regge trajectories from the gauge/string
correspondence. To this end we study closed spinning string configurations in
two supergravity backgrounds: Klebanov-Strassler (KS) and Maldacena-Nunez
(MN) which are dual to confining gauge theories. These backgrounds represent
two embeddings of N = 1 SYM, in the large rank N limit, in string theory. The
classical configuration that we consider is that of a folded closed string spinning
in a supergravity region with vanishing transverse radius (τ = 0) which is dual
to the IR of the gauge theory. Classically, a spinning string yields a linear Regge
trajectory with zero intercept. By performing a semi-classical analysis we find
that quantum effects alter both the linearity of the trajectory and the vanish-
ing classical intercept: J ≡ α(t) = α0 + α′t + β
√
t. Two features of our Regge
trajectories are compatible with the experimental Pomeron trajectory: positive
intercept and positive curvature. The fact that both KS and MN string back-
grounds give the same functional expression of the Regge trajectories suggests
that in fact we are observing string states dual to N = 1 SYM.
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1 Introduction
Regge theory is concerned with the particle spectrum, the forces between particles,
and the high energy behavior of scattering amplitudes (for a comprehensive review
see [1]). A first principle explanation of this theory remains an outstanding challenge
for high energy particle theory. One of the most distinctive features of Regge theory
are the Regge trajectories. A Regge trajectory is a line in a Chew-Frautschi [2] plot
representing the spin of the lightest particles of that spin versus their mass2 = t:
J = α0 + α
′ t.
The fact that Regge trajectories are well described by simple string models has
been known almost since the experimental verification of the Regge trajectories. The
string models used to describe Regge trajectories are generically related to strings in
flat space and beyond this particular feature they do not provide a framework for
describing hadronic physics. Moreover, there is no fundamental reason for a string in
flat space to be useful in the description of some properties of hadronic states in a
gauge theory.
Not long ago a precise duality between gauge theories and string theories has been
uncovered [3]. In particular, in the context of the AdS/CFT correspondence back-
grounds have been constructed that represent supergravity duals of confining gauge
theories. In some cases the precise field theoretic content of the theory is known [4,5].
The Klebanov-Strassler (KS) supergravity solution, for example, contains in a geo-
metric way information about confinement, chiral symmetry breaking, duality cascade
and instanton effects among others. Having a string theory that mathematically con-
tains the same information as a confining gauge theory provides us, in principle, with
the means to study the IR dynamics of confining gauge theories. Indeed, some of the
hadronic states of confining gauge theories which admit a supergravity dual description
have recently been described [6]. In this paper we use the gauge/gravity framework to
revisit one of the trademark properties of confined matter – Regge trajectories.
A central question in our analysis is what are the precise features of the new de-
scription of confining theories that differ from the more naive approach of describing
Regge trajectories via strings in flat space. We will show that at the classical level
strings in confining backgrounds behave exactly as strings in flat space. It is only at
one-loop level where the difference becomes significant. In particular, we will show
that the intercept of Regge trajectories is a one-loop effect and therefore differs for
superstrings in flat space and strings in confining backgrounds.
3
The traditional approach to obtaining Regge trajectories from string theories relies
on identifying the spectrum of classical strings spinning in flat space with the spectrum
of the corresponding particles. Recently, however, in the context of the gauge/gravity
correspondence the role of classical solutions has been reexamined. It has been pro-
posed that classical solutions of the string sigma model are in correspondence with
sectors of large quantum numbers in the dual gauge theory [7]. As a concrete exam-
ple, [7] considered a closed string spinning in AdS and established its correspondence
with twist-two operators in N = 4 SYM. Namely, they obtained that the conserved
quantities of the solitonic solution in the sigma model when translated in terms of
gauge theory quantities imply that ∆− S = (√λ/π) lnS which is a prediction for the
anomalous dimension of twist-two operators in N = 4 SYM at large ’t Hooft coupling.
Note that except for the dependence on the ’t Hooft coupling λ, this is the form of
the anomalous dimension for twist-two operators in the perturbative regime. A very
powerful feature of the correspondence [7] is that it allows a framework to go beyond
the classical level. One can compute quantum corrections to the classical relation
among the conserved quantities in the worldsheet approach and they should be in cor-
respondence with quantum corrections on the gauge theory side. Indeed, Frolov and
Tseytlin [8] performed the one-loop analysis of the classical solution proposed in [7]
and found that to this level terms of the form ln2 S are absent, something that has
been conjectured in the field theory approach to twist-two operators.
Under the point of view of [7], the large R-charge sector of N = 4 SYM described
in [9] can be seen to be dual on the string theory side to a classical string shrunk to
a point an orbiting along the great circle of S5 in the AdS5 × S5 background. In this
case the description of [9] has the advantage, over the description of [7], of being exact
on the string theory side. Using a limit similar to [9], an exact description of a set
of hadrons with large flavor charged (annulons) was found in [6] (similar states were
also found in nonsupersymmetric theories [10,11]). This sector can correspondingly be
described as a classical configuration describing an extended string located near values
of the radial direction in the Sugra background that correspond to the IR region of the
gauge theory. This configuration also carries large angular momentum in the internal
space perpendicular to the world volume. The density of states for these hadrons was
computed in [12] and found to be of Hagedorn type with a coefficient determined by
the quark-antiquark string tension and their flavor charge. The annulons are typical
of embeddings of N = 1 SYM into string theory but their quantum numbers are not
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shared by more realistic theories like QCD.
With this improved understanding of the role of classical solutions in the gauge/gravity
correspondence and with the hope of describing states in the same universality class
as the hadrons of QCD, we turn to the study of strings spinning in supergravity back-
grounds dual to confining gauge theories. Our main motivation is to obtain a descrip-
tion of Regge trajectories in a situation where the relation between string theory and
gauge theory has been established fairly rigorously. We study the classical configu-
rations in general confining backgrounds and then proceed to explicitly consider the
semiclassical quantization in the case of the KS and MN backgrounds.
Our analysis is semiclassical in nature, that is we compute quantum corrections to
a given classical relation. This situation differs from the description of the annulons [6]
in which by using an appropriate Penrose limit one obtains an exact string theory.
Nevertheless, the robustness of our semiclassical approach is well justified. In fact,
there is an extensive list of examples where a similar semiclassical approach has been
used yielding very reliable results [8, 13, 14, 15].
This paper is organized as follows. In section 2 we review some of the standard
classical solutions that are relevant for the study of Regge trajectories, including open
and closed strings spinning in flat space. We also consider closed strings in confining
backgrounds (some classical aspects were considered in [16]). We begin by solving the
classical equation of motion for strings in generic confining supergravity backgrounds:
our string configuration describes a string spinning in the region dual to the IR gauge
theory.
Section 3 contains an account of the quantization of strings spinning in flat space.
In the phenomenological literature several effective string models have been proposed
as possible sources of corrections to Regge trajectories. To our knowledge, we present
the first such analysis in the context of IIB string theory. We find that in flat space
the string spinning is a BPS configuration and therefore receives no corrections at the
one loop level. For the Regge trajectories this implies that the intercept is that of the
classical trajectories, that is zero. However, considering the bosonic contribution alone
one finds a linear trajectory with positive intercept, something in qualitative agreement
with experimental data.
In section 4, we consider quadratic fluctuations around a classical string spinning
in the two trademark supergravity backgrounds dual to confining theories: KS and
MN. Interestingly, we find that from the perspective of a semiclassical quantization
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around the spinning string configuration, both theories behave exactly the same way.
We therefore present in section 5 a unified analysis of the quantum corrected Regge
trajectories.
Section 6 contains our attempts to compare our results with phenomenological
data about Regge trajectories available from direct experiments or lattice calculations.
In particular, we emphasize the relevance of our calculations for the soft Pomeron
trajectory and the lattice results for glueballs. It is worth mentioning that although
the supergravity theories that we considered are dual to embeddings of N = 1 SYM
into IIB string theory, the comparison with results of QCD shows that for questions
pertaining to Regge trajectories these theories are certainly in the same universality
class.
2 Classical Regge trajectories
Regge trajectories are very generic in hadronic physics. For example, they are very
well established for mesons, baryons and the soft Pomeron [1] (see also section 6). It
is remarkable that the gauge/gravity correspondence provides a framework in which
each of these states can be shown to be described by a specific classical solution.
Gauge Theory State String Theory Configuration
Glueballs Spinning Folded Closed String
Mesons of heavy quarks Spinning open strings
Baryons of heavy quarks Strings attached to a baryonic vertex
Dibaryons Strings attached to wrapped branes
Table 1: States in gauge theory and their corresponding classical configuration in the
string theory.
An important point in the correspondence is the need to consider objects with
angular momentum in Poincare coordinates. This implies that the conserved quantity
conjugate to the Poincare time (E) measures the energy of a state in Minkowski space,
that is, one is considering the energy of a state in the gauge theory side rather than the
conformal dimension as corresponds to a configuration in global AdS time. The main
feature of these classical solutions is that they are characterized (among other classical
quantities) by their world volume angular momentum (J) which is the gravity dual to
6
spin in the gauge theory.
There is a distinctive feature that distinguishes between configurations of closed
and open strings with angular momentum. Open strings with angular momentum are
characterized by E, J and L (with L the endpoints separation), whereas closed string
with angular momentum are only characterized by E and J .
2.1 Spinning open string in flat space
Let us briefly review the familiar story of the Regge trajectories associated with the
spinning string in flat space. We begin with the Polyakov action restricted to the
bosonic degrees of freedom of the string
S =
Ts
2
∫ π
0
dσ
∫
dτ
√
γγαβ∂αX
µ∂βXµ =
Ts
2
∫ π
0
dσ
∫
dτL(σ, τ) (2.1)
where the string tension is Ts = 1/(2πα
′). The spinning string classical configuration
is described by
X0 = eτ, X1 = e cosσ cos τ, X2 = e cosσ sin τ (2.2)
This solution satisfies the equations of motion of the coordinates Xµ(σ, τ), the Virasoro
constraints, and the Neumann boundary conditions ∂σX
µ|σ=0,π = 0.
The energy and angular momentum associated with this classical configuration are
defined as
E = Ts
∫ π
0
dσ
∂X0
∂τ
= πTse
J =
∫ π
0
dσ(X˙2X1 − X˙1X2) = π
2
Tse
2 (2.3)
The Regge trajectory is defined as the relationship J = J(E2)
J =
1
2πTs
E2 = α′E2 ≡ α′t (2.4)
The slope of the Regge trajectory of a spinning open string is therefore α′. Note that
from the standpoint of a classical configuration the fermionic degrees are naturally set
to zero and they do not affect the form of the Regge trajectory.
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2.2 Spinning closed string in flat space
For a closed string, we have to require periodicity in σ on the interval [0, 2π]. Therefore
the classical spinning closed string configuration, solution to the equations of motion
derived from the action (2.1), will be
X0 = eτ, X1 = e sin(σ) cos(τ), X2 = e sin(σ) sin(τ) (2.5)
Note that the solution (2.5) obeys the Virasoro constraints as well. We chose the
particular dependence on σ such that the center of the string be at rest.
The energy and angular momentum of this configuration are
E = Ts
∫ 2π
0
dσ
∂X0
∂τ
= 2πTse
J = Ts
∫ 2π
0
dσ(X˙2X1 − X˙1X2) = πTse2 (2.6)
The Regge trajectory of a closed string
J =
1
4πTs
E2 =
α′
2
E2 ≡ 1
2
α′t (2.7)
will have a slope equal to a half the Regge slope of an open string. The difference
between the slope of Regge trajectories for mesons and glueball has been noticed phe-
nomenologically. In section (6) we comment on the string theory result predicting
a ration of a half and the most common field theoretic approach based on effective
descriptions.
2.3 Spinning Wilson line in flat space time
Some of the theories we consider do not admit “open strings” as microscopic degrees
of freedom. However, they do admit open strings stretched between two fixed points
in target space. In the context of the holographic duality these string configurations
are the duals of the Wilson loops of the corresponding gauge theory [17]. Let us then
consider such strings in flat space and in more general supergravity backgrounds dual
to confining theories. Since we are considering classical aspects only we choose to work
with the Nambu-Goto action describing a string in flat space
SNG =
1
2πα′
∫
d2σ
√
−det(γαβ) = 1
2πα′
∫
d2σ
√[
(X˙0)2 − ρ2(φ˙)2](ρ′)2, (2.8)
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where γαβ is the induced worldsheet metric. For convenience we choose to work in
polar coordinates which are related to the Cartesian coordinates by X1 = ρ cosφ and
X2 = ρ sinφ. A static Wilson loop is described by the configuration X0 = eτ, ρ =
L
π
σ, φ = φ0 The space-time energy associated with this configuration
Estat =
1
2πα′
∫
dσ
∂X0
∂τ
=
1
2πα′
L, (2.9)
since by the Virasoro constraint e = L
π
. This linear potential obviously resembles a
confining potential. For a spinning Wilson line we take the ansatz X0 = eτ, θ =
π/2, φ = eωτ, ρ = ρ(σ). The space-time energy is given by
E =
2
2πα′
1
ω
arcsin(Lω), (2.10)
and the spin is
J =
2
2πα′
∫
dσρ2
φ
τ
=
1
2πα′
1
ω2
[
arcsinLω − (Lω)
√
1− (Lω)2]. (2.11)
The two in the numerator has the same origin as in the previous subsection. For the
special case of wL = 1 (when the ends of the strings move at the speed of light) we get
E =
1
2α′
1
ω
, J =
1
4α′
1
ω2
. (2.12)
such that we get the Regge behavior
J = α′E2 ≡ α′t (2.13)
In the regime where ωL ∼ 0 we get a correction to the linear term of the form
E ≈ 1
πα′
(
L+
3π2
2
α′2J2
L3
)
. (2.14)
Notice the positive sign of the second term that indicates that the rotation of the Wilson
loop increases the binding energy of the quark anti-quark system. It is important
to bear in mind that the sub-leading term in expression (2.14) represents classical
corrections to the standard confining result. In addition there are quantum corrections
that will be discussed in section 4. One interesting feature of the above relations is the
possibility to interpolate between a linear potential between a quark and an antiquark
and for small ωL and Regge trajectory for ωL→ 1.
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2.4 Closed spinning strings in supergravity backgrounds
Our starting point would be a supergravity solution of a form that naturally general-
izes the AdS5 metric in Poincare coordinates. Tacitly we assume that we are working
with IIB SUGRA backgrounds and that the metrics we consider are appropriate defor-
mations of AdS5. We consider background metric that preserves Poincare invariance
in the coordinates (X0, X i). We will not dwell at this point in the specifics of the
space transverse to the world volume of the “D3” brane and simply denote most of its
structure by ellipsis in the background metric:
ds2 = h(r)−1/2
[
− (dX0)2 + dX21 + dX22 + dX23
]
+ h(r)1/2dr2 + . . . (2.15)
The relevant classical equations of motion for the string sigma model in this background
are
∂a(h
−1/2ηab∂bX
0) = 0,
∂a(h
−1/2ηab∂bX
i) = 0,
∂a(h
1/2ηab∂br) =
1
2
∂r(h
−1/2)ηab
[− ∂aX0∂bX0 + ∂aXi∂bX i].
(2.16)
They are supplemented by the standard Virasoro constraints. We will attempt to
construct spinning strings by taking the following ansatz
X0 = e τ,
X1 = f1(τ) g1(σ), X
2 = f2(τ) g2(σ),
X3 = constant, r = r(σ). (2.17)
With this ansatz the equation of motion for X0 is trivially satisfied. Let us first show
that the form of the functions fi is fairly generic. Namely, considering the equation of
motion for X i we obtain
−h−1/2gif¨i + fi∂σ(h−1/2g′i) = 0, (2.18)
where a dot denotes a derivative with respect to τ and a prime denotes a derivative
with respect to σ. Enforcing a natural separation of variables we see that
f¨i + (e ω)
2fi = 0, ∂σ(h
−1/2g′i) + (e ω)
2h−1/2gi = 0. (2.19)
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The radial equation of motion is
∂σ(h
1/2∂σ r) =
1
2
∂r(h
−1/2)
[
e2 − g2i f˙ 2i + f 2i g′2i
]
. (2.20)
Finally the constraint becomes
h1/2r′2 + h−1/2
[− e2 + g2i f˙ 2i + f 2i g′2i ] = 0. (2.21)
The integrals of motion we would like to consider are
E =
e
2πα′
∫
h−1/2dσ, (2.22)
J =
1
2πα′
∫
h−1/2
[
x1∂τx2−x2∂τx1
]
dσ =
1
2πα′
∫
h−1/2g1g2
[
f1∂τf2−f2∂τf1
]
dσ (2.23)
The above system can be greatly simplified by further taking
f1 = cos eω τ, f2 = sin eω τ, and g1 = g2. (2.24)
Under these assumptions the equation of motion for r and the Virasoro constraint
become
∂σ
(
h1/2 ∂σ r
)− 1
2
∂r(h
−1/2)
[
e2 − (eω)2 g2 + g′2] = 0,
h1/2r′2 + h−1/2
[− e2 + (eω)2 g2 + g′2] = 0. (2.25)
The angular momentum is then
J =
eω
2πα′
∫
h−1/2g2dσ. (2.26)
According to the gauge/gravity correspondence and in particular to the insight put
forward in [7], this spinning string describe a state in the dual gauge theory with the
same quantum numbers. Since we are working in Poincare coordinates the quantity
canonically conjugate to time is the energy of the corresponding state in the four
dimensional theory. The angular momentum of the string describes the spin of the
corresponding state. Thus a spinning string in the Poincare coordinates is dual to a
state of energy E and spin J . In order for our semiclassical approximation to be valid
we need the value of the action to be large, this imply that we are considering gauge
theory states in the IR region of the gauge theory with large spin and large energy.
We will show that, in the cases we study, the expressions (2.22) and (2.26) yield a
dispersion relation that can be identified with Regge trajectories. Moreover, we will
compute semiclassically quantum corrections to the Regge trajectories using the dual
string theories.
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2.4.1 Closed spinning strings in confining backgrounds
Let us show that there exists a simple solution of the equations of motion (2.25) for
any gravity background dual to a confining gauge theory. Recall that the conditions
for a SUGRA background to be dual to a confining theory have been exhaustively
explored [18]. The main idea is to translate the condition for the vev of the rectangular
Wilson loop to display an area law into properties that the metric of the supergravity
background must satisfy. It has been established that one of the sufficient conditions
is for g00 to have a nonzero minimum at some point r0 usually known as the end of
the space wall [18]. Note that precisely these two conditions ensure the existence of a
solution of (2.25). Namely, since g00 = h
−1/2 we see that for a point r = r0 = constant
is a solution if
∂r(g00)|r=r0 = 0, g00|r=r0 6= 0. (2.27)
The first condition solve the first equation in (2.25) and the second condition makes
the second equation nontrivial. Interestingly the second condition can be interpreted
as enforcing that the quark-antiquark string tension be nonvanishing. It is worth
mentioning that due to the UV/IR correspondence in the gauge/gravity duality the
radial direction is identified with the energy scale. In particular, r ≈ r0 is the gravity
dual of the IR in the gauge theory. Thus, the string we are considering spins in the
region dual to the IR of the gauge theory. Therefore we can conclude that it is dual to
states in the field theory that are characteristic of the IR. Let us now explicitly display
the Regge trajectories. The classical solution is given by (2.17) with g(σ) solving the
second equation from (2.25), that is, g(σ) = (1/ω) sin(eωσ). Imposing the periodicity
σ → σ + 2π implies that eω = 1 and hence
X0 = e τ, X1 = e cos τ sin σ, X2 = e sin τ sin σ. (2.28)
The expressions for the energy and angular momentum of the string states are:
E = 4
e g00(r0)
2πα′
∫
dσ = 2πg00(r0)Tse, J = 4
g00(r0)e
2
2πα′
∫
sin2 σdσ = πg00(r0)Tse
2.
(2.29)
Defining now Ts, eff = g00(r0)/(2πα
′) and α′eff = α′/g00 we find that the Regge
trajectories take the form
J =
1
4πTs, eff
E2 =
1
2
α′eff t. (2.30)
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Notice that the main difference with respect to the result in flat space is that the slope is
modified to α′eff = α′/g00. It is expected that a confining background will have states
that align themselves in Regge trajectories. The main purpose of our investigation is
not the relation (2.30) itself but rather the corrections that it receives and that can
be computed explicitly in the gauge/gravity correspondence for specific backgrounds.
Of course the conditions (2.27) are necessary conditions for confinement but they are
not sufficient. Namely, there are backgrounds satisfying (2.27) that are not dual to
confining gauge theories. The most prominent example is perhaps flat space where
the metric certainly satisfies (2.27) but there is no holographic argument in favor of
identifying flat space with a confining gauge theory. We will nevertheless, devote some
attention in section 3 to the quantum corrections to strings spinning in flat space for
its historical and technical relevance to the topic of Regge trajectories.
3 Quantum corrected Regge trajectories
for spinning strings in flat space
We begin with reviewing the general formalism of semiclassical quantization around
a given classical string configuration. The quantization procedure depends on the
string formulation used ( Polyakov or Nambu-Goto) and on the gauge fixing. Since
we are particularly interested in spacetime quantities like the energy and the angular
momentum, it is important for us to develop a general expression relating the spacetime
quantities to the worldsheet Hamiltonian (we follow the analysis of [8]). Let us consider
the Polyakov formulation in the conformal gauge. In general, for each of the string
coordinates we turn on quantum fluctuations such that
X i(σ, τ) = X¯ i(σ, τ) + δX i(σ, τ), (3.1)
where X¯ i(σ, τ) stands for the classical configuration. In particular, for the coordinates
involved in defining energy and angular momentum we have
X0 = eτ + δX0 φ = eωτ + δφ. (3.2)
The Virasoro constraints:
gij
[
∂τX
i ∂τX
j + ∂σX
i ∂σX
j
]
= 0,
gij∂τX
i ∂σX
j = 0,
(3.3)
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can be rewritten in the form of the requirement for the vanishing of the 2d Hamiltonian,
namely
H(X i) = Ts
2
gij[∂τX
i∂τX
j + ∂σX
i∂σX
j ] = 0. (3.4)
Now, upon substituting X0 = eτ + δX0 we find that
Tsg00∂τX
0 =
Ts
2
eg00 +
1
e
H(δX0, X i), (3.5)
where we have replaced X0 by δX0 in the 2d Hamiltonian and X i now denotes the rest
of the coordinates. We can now substitute (3.5) into the expression for the space time
energy. If we also explicitly introduce the classical configuration of φ and integrate we
end up with the following expression for the space time energy
E = E¯ + ω(J − J¯) + 1
e
∫
dσH(δX i) (3.6)
where E¯ and J¯ are the classical values of the energy and angular momentum respec-
tively and H(δX i) is the 2d Hamiltonian where the original dependence on X i is now
replaced by the dependence on the fluctuations δX i. What is left to be done is to
eliminate the dependence on e and w by using the expression for the classical angular
momentum. The Virasoro constraint implies that
H = 0 = Jφ˙+ Pρρ˙− EX˙0 − L(P, q) + (d− 3massless degrees of freedom), (3.7)
where J =
∫
Tsρ
2φ˙, Pρ =
∫
Tsρ˙, E =
∫
TsX˙
0. Explicitly, one can rearrange the
Virasoro constraint as:
eE − J =
∫
dσ
(
H(d− 3massless dof) + Ts
2
(e2 − (δ˙X0)2 − (δX0′)2)
+
Ts
2
(ρ¯+ δρ)2(−1 + ˙δφ2 + δφ′2) + Ts
2
(δ˙ρ
2
+ (ρ¯+ δρ)′2)
)
= eE¯ − J +
∫
dσ(H(d− 3massless dof)
+ Ts
(
−δX˙
02
2
− (δX
0′)2
2
+
ρ¯2
2
( ˙δφ
2
+ δφ′2) +
δ˙ρ2
2
+
δ˙ρ′2
2
− 1
2
δρ2) + . . .
)
(3.8)
where the ellipsis denotes terms which are of higher order in fluctuations. On the
right hand side of (3.8) we recognize the fluctuation Hamiltonian H(δX0, δφ, δρ, δ ~Z),
where δ ~Z denotes collectively the d − 3 massless degrees of freedom. The usefulness
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of this particular rewriting of the Virasoro constraints will become transparent in the
covariant quantization of the Polyakov string. By taking the expectation value of (3.8)
on the ground state where J |Ψ〉 = J¯ |Ψ〉 one obtains
e∆E =
∫
dσ < Ψ|H|Ψ > . (3.9)
The right hand side will compute the sum of the zero-point energies of all the degrees
of freedom including the ghosts in covariant quantization. Thus, the right hand side of
(3.9) is the sum of the zero-point energies of the physical degrees of freedom. This result
formally obtained by assuming that the theory has been convariantly quantized turns
out to be a physical one: it implies that in any quantization scheme the corrections to
the spacetime energy will be given by the zero-point energies of the physical degrees
of freedom on the worldsheet. In what follows in this section we will evaluate (3.9) by
finding the spectrum of the physical degrees of freedom in a convenient gauge, instead
of using covariant quantization.
3.1 Static open string: The Lu¨scher term as a quantum correction
Prior to tackling the quadratic fluctuations of a spinning string in flat space let us
recall the analysis for a static string in this background. The relevant classical solution
is a straight line along, let say along x1, from −L/2 to L/2. In D flat dimensions the
quantized action is simply that of D−2 massless fields associated with the D−2 trans-
verse directions. Assuming a time interval of T and demanding that the eigenfunctions
vanish on the boundary, the eigenvalues of the corresponding Laplacian are
En,m = (
nπ
L
)2 + (
mπ
T
)2. (3.10)
Therefore the free energy FB is given by (see appendix (A))
− 2
D − 2FB = −
1
12
T
L
, (3.11)
and we find the correction to the energy due to the bosonic fluctuations:
Fb = (D − 2) π
24
T
L
, δE = − 1
T
FB = −(D − 2) π
24
1
L
. (3.12)
This is an attractive Lu¨scher term and we can see explicitly that its appearance is a
one-loop effect from the string theory point of view. Now, for a superstring one has to
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add the fermionic fluctuations. For a GS formulation in 10 flat space-time dimensions
the fermionic action is
Sflatfermion = 2iTs
∫
dτdσθ¯Γα∂αθ (3.13)
where θ are 10 -dWeyl Majorana spinor and Γα are the SO(9, 1) gamma matrices. Since
the square of the fermionic operator Γα∂α = ∇ and the eight transverse coordinate
match the eight components of the Weyl Majorana spinor one finds that the Lu¨scher
term is canceled out since
F = 8× [−1
2
log det∇+ log det(Γα∂α)] = 0. (3.14)
Thus, in flat space the static string does not receive quantum corrections. A simple
way to understand this situation is by verifying that a static open string in IIB is BPS.
The analysis of supersymmetry is directly related to kappa-symmetry whereby we have
X ′MX˙NΓMNǫ
∗ =
√−gǫ. (3.15)
For the static solution X0 = τ,X1 = σ = [−L/2, L/2]. Therefore √−g = 1 and 3.15
reduces to Γ01ǫ
∗ = ǫ. Writing the complex spinor as ǫ = ǫ1 + iǫ2 and using the Γ201 = 1
we see that we can arrange for (1−Γ01)ǫ1 = 0 which shows that the solution preserves
half the supersymmetries.
3.2 Regge trajectories: The intercept as a quantum correction
We now proceed to study the quantum fluctuations up to quadratic order around the
classical solution describing a spinning string. For pedagogical reasons we derive the
spectrum of the quantum fluctuations by performing a semi-classical expansion around
the spinning string solution using both the Nambu-Goto action and the Polyakov ac-
tion. Our treatment allows to clearly visualize some of the shortcomings of these
methods. Let us begin by considering the Nambu-Goto action of a bosonic string in a
flat target-space background
S = Ts
∫ ∣∣∣∣ (−(X˙0)2 + ρ˙2 + ρ2φ˙2 + ~˙z~˙z)(−(X0′)2 + ρ′2 + ρ2φ′ 2 + ~z ′~z ′)
− (−X˙0X0′ + ρ˙ρ′ + ρ2φ˙φ′ + ~˙z~z ′)2
∣∣∣∣
1
2
. (3.16)
Denoting by ρ, φ the polar coordinates which parametrize the the plane where the
string motion is confined (ds2 = −d(X0)2 + dρ2 + ρ2 dφ2 + . . .), we expand around the
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classical solution
X¯0 = eτ ; ρ¯ = e sin(σ) ; φ¯ = eωτ. (3.17)
In what follows for simplicity we will sometimes set eω = 1. By using diffeomorphism
invariance to gauge-fix X0 = X¯0, ρ = ρ¯, one obtains
SNG = Ts
(∫ √
e4 cos4(σ) +
e2 tan2(σ)
2
(−δφ˙2 + δφ′ 2)− 1
2
(δ~˙zδ~˙z − δ~z ′δ~z ′)
)
, (3.18)
where δ~z(σ, t) denote the other d−3 fluctuations. To cast the action for the fluctuation
δφ in the form of a standard kinetic term plus a potential we make the field redefinition
δφ˜ = δφ tan(σ), (3.19)
and find
SNG = Ts
(∫
e2 cos2(σ) +
e2
2
(−δ ˙˜φ2 + δφ˜′ 2) + e
2
2
2
cos(σ)2
(δφ˜)2 − 1
2
(δ~˙zδ~˙z − δ~z ′δ~z ′)
)
.
(3.20)
To conclude, the Nambu-Goto action when expanded around the spinning string solu-
tion describes one massive fluctuation (δφ˜)(
∂2σ − ∂2τ −
2
cos2(σ)
)
δφ˜(σ) = 0. (3.21)
with a σ-dependent mass square 2/ cos2(σ) and d − 3 massless fluctuations (δ~z). One
can show that the expansion of the δφ˜ fluctuation in eigenmodes is given by
δφ˜(σ, τ) = φ˜nmχnm(σ, τ)
≡
∑
n
exp(inτ)√
2π
( ∑
m=odd
φ˜nm
1√
π(m2 − 1)(m sin(mσ)− cos(mσ) tan σ)
+
∑
m=even
φ˜nm
1√
π(m2 − 1)(m cos(mσ) + sin(mσ) tanσ)
)
(3.22)
where χnm are normalized eigenfunctions of the differential operator
(∂2τ − ∂2σ +
2
cos2 σ
)χnm(σ, τ) = (m
2 − n2)χnm(σ, τ) ≡ λnmχnm(σ, τ),∫ π
−π
dσ χnmχn′m′ = e
i (n+n′)τδm−m′ .
(3.23)
The partition function of this massive mode will therefore be very similar to that of a
massless fluctuation. Certainly the eigenvalues as read off from (3.23) are the same as
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for a massless mode with standard kinetic term and standard Fourier mode decompo-
sition. However, there is one difference between the spectrum of the δφ˜ fluctuation and
the spectrum of a massless fluctuation. Namely, the former has one less mode than the
latter since, as can be seen from (3.22), the eigenmode with m = 1 vanishes. In such
cases one looks for a special solution for this mode. Indeed, it is easy to realize that the
corresponding equation (−∂2σ+ 2cos2 σ )χnm=1(σ) = χnm=1(σ) is solved by χnm=1 = 1cos σ .
However, this special eigenmode is not σ-normalizable and hence cannot be counted.
This peculiar situation leads to a different answer for the energy. For instance, the
zero mode energy calculation done at the beginning of this section becomes∑
n,m∈Z
m6=1
logEn,m =
∑
n,m∈Z
logEn,m −
∑
n∈Z
logEn,m=1 =
∑
n
n− 1 = ζ(−1)− 1 (3.24)
In the above we have taken the simplified values T = 2π, L = 2π since this is the peri-
odicity that has been implicitly assumed in the Fourier mode decomposition (3.22).It is
easy to restored the T and L dependence using the analysis of appendix (A). Let us see
how the spacetime energy and angular momentum operators are expressed in terms of
oscillators. The target-space energy is the canonical conjugate variable to X0, while the
angular momentum is the canonical conjugate variable to φ. Using the Nambu-Goto
action (3.16) we derive that the energy and angular momentum, respectively, are
E =
∫
dσ
δS
δX˙0
= Ts
∫
dσ
[
X˙0(−X0′2 + ρ′2 + ρ2φ′ 2 + ~z′~z′)−X0′(−(X˙0)2 + ρ˙2 + ρ2φ˙2 + ~˙z~˙z)
]
×
∣∣∣∣(−(X˙0)2 + ρ˙2 + ρ2φ˙2 + ~˙z~˙z)(−(X0)′2 + ρ′2 + ρ2φ′ 2 + ~z ′~z ′)
−(−X˙0X0′ + ρ˙ρ′ + ρ2φ˙φ′ + ~˙z~z ′)2
∣∣∣∣
1
2
,
(3.25)
J =
∫
dσ
δS
δφ˙
= Ts
∫
dσ
[
(−ρ2φ˙)(−(X0)′2 + ρ′2 + ρ2φ′ 2 + ~z ′~z ′) + ρ2φ′(−(X˙0)2 + ρ˙2 + ρ2φ˙2 + ~˙z~˙z)
]
×
∣∣∣∣(−(X˙0)2 + ρ˙2 + ρ2φ˙2 + ~˙z~˙z)(−(X0)′2 + ρ′2 + ρ2φ′2 + ~z ′~z ′)
−(−X˙0X0′ + ρ˙ρ′ + ρ2φ˙φ′ + ~˙z~z ′)2
∣∣∣∣
1
2
. (3.26)
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Substituting the gauge choice X0 = eτ, ρ = e sin σ and expanding in fluctuations up to
second order, one finds
E = Ts
∫
dσ
1
2e cos4 σ
(
φ˙2(3e2 − 5e2 cos2 σ + 2e2 cos4 σ) + φ′ 2(−e2 + 3e2 cos2 σ − 2e2 cos4 σ)
+ ~˙z2 cos2 σ + ~z′ 2 cos2 σ
)
, (3.27)
J = −Ts
∫
dσ
sin2 σ
cos4 σ
(
− 3e2 sin2 σ φ˙2 − e2 sin2 σφ′ 2 − ~˙z2 cos2 σ − ~z′ 2 cos2 σ
)
. (3.28)
As announced in the introduction to the section (3), the difference eE−J (which in the
Nambu-Goto bosonic string turns out to be equal to the Hamiltonian of the physical
degrees of freedom) when evaluated on the ground state yields
e(E − E¯) = Ts
∫
dσ〈Ψ|1
2
(~˙z2 + ~z′2 + e2 tan2 σ(φ˙2 + φ′2)|Ψ〉
=
π
2
[(D − 3)
∑
n>0
n+ (
∑
n>0
n− 1)]
=
π
2
(
− D − 2
12
− 1
)
. (3.29)
Note that the quantum correction E− E¯ can be interpreted as a Luscher term since it
it proportional to 1
e
where e is the length of the string. Using the classical values of J
and E one obtains the quantum corrected Regge trajectory
J ≈ 1
2
α′E2 +
π
2
(
D − 2
12
+ 1
)
≡ 1
2
α′ t+
π
2
(
D − 2
12
+ 1
)
+O(
1
α′t
). (3.30)
Let us discuss the validity of the above result. The Nambu-Goto action is not free
even in flat space since the expansion of the square root contains terms higher order
in fluctuations. We have, naturally used a semiclassical approximation by truncating
the action to terms quadratic in fluctuations. The approximation relies on the fact
that higher order interaction terms are suppressed by powers of the energy of the
state 1/E. This is the reason why we neglect terms that are order E−2 in our final
expression for the quantum corrected Regge trajectories (3.30). The net effect of the
one loop quantum corrections on the Regge trajectory is to provide a positive intercept.
A nonvanishing and positive intercept is a generic characteristic of Regge trajectories
for mesons, but more importantly for the soft Pomeron [31].
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3.2.1 Fermions and the Regge intercept
The above discussion can be generalized to the case of 10-d Green-Schwarz superstring
S =
TS
2
∫
d2σ
√
γγαβ∂αX
µ∂βXµ
+ iTs
∫
d2σ(
√
γγαβδIJ − ǫαβ(τ3)IJ)θ¯Iρα∇βθJ , (3.31)
where α, β are worldsheet indices, γαβ is the worldsheet metric and γ = det(−γαβ).
The matrices ρα are given by
ρα = e
m
µ ∂αX
µΓm, (3.32)
where m is a flat target-space index and Γm are the ten dimensional Dirac matrices.
The derivatives ∇α are defined as
∇α = ∂α + 1
4
Ωmnµ Γmn∂αX
µ. (3.33)
Finally, τ3 is one of the 2 dimensional Pauli matrices τ3 = diag(1,−1).Let us begin
by gauge-fixing the kappa symmetry by choosing θ1 = θ2 ≡ θ, such that from the
beginning the only fermionic degrees of freedom are physical. There are different ways
to fix the conformal invariance but in accordance with our Nambu-Goto analysis we
choose to integrate the world-sheet metric using its equation of motion. The effect of
this algebraic operation is to remove the conformal invariance of the GS action, and
the resulting action will be
S = Ts
∫
d2σ
√
det(∂αXµ∇βXµ + θ¯ρα∇βθ). (3.34)
Next, by expanding to quadratic order in fluctuations around the classical configuration
of a spinning string we find
S = SNG + i
1
2
Ts
∫
d2σθ¯(eΓ0 − ρ¯Γφ)θ˙ + 1
2
θ¯(eΓ0 − ρ¯Γφ)Γφρθ + θ¯(ρ¯′Γρ)θ′, (3.35)
where SNG was given in (3.16) and the Dirac matrices Γ
0,Γρ,Γφ satisfy the usual
Clifford algebra. The fermionic action can be rewritten with a standard kinetic term
by making a unitary transformation similar to [19]
ρ0 = eΓ0 − ρ¯Γφ = eUΓ0 cosσU−1,
U = exp(−1
2
arccosh(
1
cosσ
)Γ0Γφ).
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Note that we can equally write
ρ1 = eUΓρe cosσU−1. (3.36)
It is then natural to define new fermionic fluctuations
Ψ(σ, τ) =
√
cosσU−1(σ)θ(σ, τ). (3.37)
In terms of these new variables the fermionic action becomes
SF = i
1
2
eTs
∫
d2σ
(
Ψ¯(Γ0∂τ + Γ
ρ∂σ)Ψ + Ψ¯Γ
ρU
√
cosσ∂σ(U
−1 1√
cosσ
)Ψ
+
1
2
Ψ¯Γ0ΓφρU2Ψ
)
= iTs
∫
d2σ
(
Ψ¯(Γ0∂τ + Γ
ρ∂σ)Ψ +
1
cosσ
Ψ¯ΓρΓ0ΓφΨ
)
. (3.38)
Choosing a specific realization of the Clifford algebra for the Dirac matrices that appear
in the action Γ0 = iτ2⊗id2⊗id4, Γρ = τ1⊗id2⊗id4, Γφ = τ3⊗τ1⊗id4, and decomposing
the 16-component spinor Ψ into four 4-component spinors ψi = (ψi1, ψ
i
2, ψ
i
3, ψ
i
4), i =
1, . . . 4, one observes that the Dirac equations obeyed by each of these four spinors split
into two sets of coupled first order differential equations for the components ψi2, ψ
i
3 and
ψi1, ψ
i
4 respectively. The equations satisfied by the pair (ψ2, ψ3) are
(∂τ + ∂σ)ψ
i
2 +
1
cosσ
(−ψi3) = 0, (3.39)
(−∂τ + ∂σ)ψi3 +
1
cosσ
(−ψi2) = 0. (3.40)
Similar equations are satisfied by (ψi1, ψ
i
4). Thus, the mass of the eight fermionic
fluctuations is 1/ cos2 σ. Note that this mass term is identical to the one found for
the bosonic fluctuation δφ˜ (3.21). However, in the bosonic sector only one mode is
massive and the rest seven physical modes are massless, whereas there are eight massive
fermionic modes. Altogether the contribution of the fermions to the intercept is −13
3
π.
Since the bosonic contribution is 5
6
π the total intercept is −7
2
π. Notice that unlike for
the bosonic string, the superstring admits a negative intercept. One remark is in order.
If from some reason, which at present we cannot find, the m = 1 mode discussed above
can be rescued, then all the bosonic and all the fermionic modes are massless and there
is an exact cancellation between them which yields a vanishing intercept. As we will
show in the next subsection, this is indeed the case in the covariant formulation.
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3.3 Covariant treatment of fluctuations: No corrections to Regge trajec-
tories
The analysis in the previous section gives us a very direct way to built a solid intuition
for what the quantum corrections should be like. There is, however, a very subtle
point that only the covariant approach can clarify. Namely the implications of the field
redefinitions used in both approaches on the quantum measure. Note that we have
redefined both the bosonic field (3.19) and the fermionic fields (3.37). Normally, as has
been the case for some static configurations in AdS5 × S5 [21], the field redefinition
is harmless as far as a quantum Jacobian for the measure is concerned. In particular,
as explained in [19], some of the divergences are subleading and can be ignored. In
our case, however, we will see that the situation is different. A careful analysis of
the fluctuations that takes into consideration issues of the measure yields a slightly
different result from the naive Nambu-Goto approach.
We will analyze the fluctuations in the context of the Polyakov action in both a
path integral approach as well as a canonical quantization procedure. In both cases we
use Cartesian coordinates.
3.3.1 Path integral quantization
The most transparent parametrization of the bosonic fluctuations uses the symmetries
of the problem. Henceforth, we make the standard decomposition into background
fields and quantum fluctuations:
Xm = X¯m + δXm. (3.41)
Next we choose the conformal gauge
γαβ = ∂αX¯
m∂βX¯
nηmn = e
2 cos2 σ ηαβ =
√
γηαβ , (3.42)
by identifying the world-sheet metric with the induced metric by the target-space
background configuration. The bosonic fluctuations are world-sheet scalars, and their
measure is given by
||δXm||2 = Ts
∫
dσdτ
√
γδXmδXm. (3.43)
In the Polyakov string formulation, the bosonic fluctuations when expressed in Carte-
sian coordinates are decoupled and their action is simply
SB =
Ts
2
∫
dτdσ
√
γγαβ∂αδX
m∂βδXm =
Ts
2
∫
dτdσ ηαβ∂αδX
m∂βδXm. (3.44)
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Therefore, by integrating them out in path integral one obtains∫
DX eScls exp(Ts
∫
dσdτ
√
γγαβ∂αδX
m∂βδXm) = e
Scls det(∆γ)
−d/2, (3.45)
where d is the number of target-space dimensions, and
∆γ =
1√
γ
∂αγ
αβ√γ∂β , (3.46)
is the two-dimensional world-sheet Laplace operator.
The contribution of the reparametrization ghosts to the partition function (omitting
the zero-mode contributions) is∫
DbDc exp(Ts
∫
dσdτ
√
γ bαβγ
αγγβδ∇γcδ) = det(P1P †1 )1/2 (3.47)
where P1 is the differential operator that maps vectors into symmetric traceless two-
tensors. On a genus one world-sheet one has
det(P1P
†
1 )
1/2 = det(∆γ) (3.48)
and thus the contribution of the two longitudinal bosonic degrees of freedom is canceled
by ghosts.
Finally we are left with the fermionic degrees of freedom. The starting point is
the Green-Schwarz superstring, with the fermionic degrees of freedom reduced to the
physical ones by choice of kappa-gauge. As before, we choose to identify θ1 = θ2 ≡ θ.
Expanding the Polyakov action to second order in the fermionic fluctuations θ yields
the following action:
SF =
i
2
Ts
∫
dτdσ
√
γγαβ∂αX¯
µθ¯Γµ∂βθ
=
i
2
Ts
∫
dτdσ
[
e
(
θ¯(Γ0 + (Γ1 cos τ − Γ2 sin τ) sin σ)θ˙
+ θ¯(Γ1 sin τ + Γ2 cos τ) cosσθ′
)]
. (3.49)
Using that through unitary transformations
U01 = exp(−1
2
arccosh(
1
cosσ
)Γ0Γ1) (3.50)
U12 = exp(
1
2
τΓ1Γ2) (3.51)
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we can rewrite
Γ0 + (Γ1 cos τ − Γ2 sin τ) sin σ = cosσU12U01Γ0U−101 U−112 (3.52)
(Γ1 sin τ + Γ2 cos τ) cosσ = cosσU12U01Γ
2U−101 U
−1
12 , (3.53)
the action simplifies, provided that we make the field redefinition Ψ = U−101 U
−1
12 θ, to
SF =
i
2
Ts
∫
dτdσ cosσΨ¯(Γ0∂τ + Γ
2∂σ)Ψ. (3.54)
Integrating out the fermionic fluctuations, which are world-sheet scalars, with the path
integral measure
||θ¯θ|| = Ts
∫
dσdτ
√
γθ¯θ, (3.55)
one finds their contribution to the partition function∫
Dθ exp(
∫
dσdτ
√
γθ¯γαβ∂αX¯
mΓm∂βθ) = det(γ
αβ∂αX¯
mΓm∂β)
8
= det(γαβ∂αX¯
mΓm∂β(γ
γδ∂γX¯
nΓn∂δ))
4 = det(
√
γ−1ηαβηγδ∂αX¯
m∂β(
√
γ−1∂γX¯m∂δ))
4
= det(γαβ∂a∂b)
4. (3.56)
In the last step we used repeatedly equation (3.42) and the fact that partial derivatives
commute. To explicitly evaluate (3.56) we use the fact that the determinants of two
conformally related operators are also related by a simple relation [19] (see also [20]).
In particular the fermionic determinant (3.56) can be reexpressed as
ln(det(γ−1/2δαβ∂α∂β))− ln(det(δαβ∂α∂β))
= − 1
4π
∫ 2π
0
dσ
∫ T
0
dτ
1
12
δαβ∂α ln
√
γ∂β ln
√
γ
= −T
6
(3.57)
The evaluation of the similar determinant for the bosons follows the same pattern:
ln(det(∆γ)− ln(det(δαβ∂α∂β)
= − 1
12π
∫ 2π
0
dσ
∫ T
0
dτδαβ∂α ln γ
1/4 ∂β ln γ
1/4
= −T
6
(3.58)
One crucial element in this analysis that differs from the naive Nambu-Goto approach
is that the path integral approach captures some divergences embodied in the −T/6
terms. If desired, we can explicitly evaluate all the determinants presented above (3.57)
and (3.58) since the right hand side is completely explicit and the second term in the
left hand sides has been explicitly evaluated in appendix A.
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3.3.2 Canonical quantization
It is obvious that the D − 3 ( seven in our case) ~z coordinates are decoupled from
the classical configuration and hence in flat space time the fluctuations in these co-
ordinates are free massless modes. So from here on we discuss only the rest of the
coordinates. In the Cartesian coordinates basis the decomposition of the fields to the
classical configurations and the quantum fluctuations take the form
X0 = eτ + δX0
X1 = e cos τ sin σ + δX1
X2 = e sin τ sin σ + δX2
(3.59)
Upon inserting these configuration into the Polyakov action in the covariant gauge, we
easily find from the equations of motions that the fluctuations are all massless, namely,
obey (
∂2σ − ∂2τ
)
δX i = 0 (3.60)
in particular for i = 0, 1, 2. The Virasoro constraint takes the form of (3.6) where
H(δX i) is the 2d Hamiltonian density of the 10 free massless bosonic modes. In the
covariant gauge, however, as was discussed above, one has to take into account the
contribution of the reparametrization ghosts. It is well know that the latter eliminate
the longitudinal modes and hence the final form of the bosonic part of the Virasoro
constraint is
e(E − E¯) = −πD − 2
24
= −π
3
(3.61)
Note that in deriving this result in the Polyakov formulation we have not taken a
quadratic approximation, but rather the full action. The only approximation made
here is setting in (3.6) the value of J to be equal to J¯ .
Next we discuss the fermionic contribution to the energy E. It was shown above in
(3.54) that the relevant operator for the fermionic determinant is (Γ0∂τ + Γ
2∂σ). This
means that unlike in the polar coordinates formulation, here there is no mass term and
the fermionic modes, just as the bosonic ones, are free and massless. This of course
implies that they contribute to the Virasoro constraint the same contribution as the
bosonic modes but with an opposite sign namely π
3
. Hence, as for the path integral
approach, also in the canonical quantization the bosonic and fermionic contributions
to the intercept cancel each other.
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The main conclusion of this section is upon using the Polyakov formulation in the
Cartesian coordinates we observe that for the superstring spinning in flat space there
are no quantum corrections to the intercept which therefore remains zero. Hence it is
clear from both the path integral and the canonical quantization that the semiclassical
partition function of the GS superstring whose classical configuration describes a string
which spins in flat space is trivial, being identical with 1.
To summarize, we have presented two types of calculations of the quantum fluctu-
ations around the classical spinning string in flat space-time. In the first we used the
canonical quantization of the NG formulation in polar coordinates and in the second
the Polyakov formulation in Cartesian coordinates both in a path-integral as well as
a canonical quantizations. Recall that in the GS framework the NG and Polyakov
fermionic actions are the same. In the NG formulation of the bosonic modes we have
truncated the action to include only quadratic terms whereas in Polyakov’s formulation
we used the exact expression with no truncation since it is quadratic. The outcome
of the two types of evaluations is different. In the first we find a non-trivial intercept
whereas in the second the intercept vanishes. Now since we do not see any loopholes
in the second approach we believe that the correct result is that there is no intercept.
As it stands the results that follow from the NG approach are in contradiction with
this conclusion. At this point there are two options: (i) that indeed the NG approach
leads to a different result (ii) that form a reason that we do not understand at present
the m = 1 modes discussed above are not missing from the spectrum of eigenmodes
and hence both the bosonic and fermionic modes admit a massless spectrum and the
intercept vanishes. We leave the investigation of this open question for a future inves-
tigation.
3.4 Supersymmetry
In this subsection we show that, despite the one-loop cancellation just presented, the
string configuration we are considering is not supersymmetric. The supersymmetry
condition follows directly from the kappa-symmetry variation of the action (3.15). In
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the particular background we are considering one has
X ′MX˙NΓMNǫ
∗ =
√−γǫ
ρ′X˙0Γρ0 + ρ
′φ˙Γρφǫ
∗ = e2 cos2 σǫ
cosσΓρ (Γ0 + Γρ) ǫ
∗ = cos2 σǫ
Γρˆ
(
Γ0ˆ − sin σΓφˆ
)
ǫ∗ = − cosσǫ.
(3.62)
Since the Killing spinor of spacetime is constant (flat space), the above expression im-
plies that no supersymmetry is preserved by this solution. The result is also intuitively
clear from the string theory point of view. Since the configuration has finite extension
it does not belong in the supergravity part of the spectrum which is the sector where
supersymmetric configurations are most likely to be found. Moreover, we know that
this classical configuration describes massive string states. Of course, some extended
configurations are supersymmetric, like the straight string mentioned previously. How-
ever, spinning strings typically break all supersymmetries due to the fact that the
spin does not enter as a central charge in the supersymmetry algebra and therefore
can not support a BPS-like condition (see [22] for some recent considerations)1. The
breaking of the supersymmetry makes the origin of the one-loop cancellation obtained
in the previous section unclear to us. We will simply point out that other nonsuper-
symmetric configurations, like the circular Wilson loop2, enjoy very similar one-loop
cancellations [19].
4 Quadratic fluctuations in confining backgrounds
Quadratic fluctuations of classical configurations in confining string backgrounds were
analyzed for the static Wilson line configurations [24]. The quantum fluctuations result
in a typical Lu¨scher term which introduces 1
L
corrections to the linear potential. These
corrections carry information about the spectrum of the theory and can, in principle,
be measured on the lattice. In this paper we compute quantum corrections which are
definitely measurable as the intercept of Regge trajectories. Our aim is to determine
the universal features of such corrections. To clarify the universality we conduct our
analysis of the quadratic fluctuations for the strings spinning in Sugra backgrounds
dual to confining gauge theories. We consider the KS and MN backgrounds explicitly.
1We thank D. Mateos for extensive discussions on issues of supersymmetry of spinning classical
string configurations.
2See [23] for an extensive discussion of the supersymmetry structure of the circular Wilson loop.
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4.1 The Klebanov-Strassler background
We begin by reviewing the KS background, which is obtained by considering a collection
of N regular and M fractional D3-branes in the geometry of the deformed conifold [4].
The 10-d metric is of the form:
ds210 = h
−1/2(τ)dXµdX
µ + h1/2(τ)ds26 , (4.1)
where ds26 is the metric of the deformed conifold [26, 27]:
ds26 =
1
2
ε4/3K(τ)
[
1
3K3(τ)
(dτ 2+(g5)2)+cosh2
(τ
2
)
[(g3)2+(g4)2]+sinh2
(τ
2
)
[(g1)2+(g2)2]
]
.
(4.2)
where
K(τ) =
(sinh(2τ)− 2τ)1/3
21/3 sinh τ
, (4.3)
and
g1 =
1√
2
[− sin θ1dφ1 − cosψ sin θ2dφ2 + sinψdθ2],
g2 =
1√
2
[
dθ1 − sinψ sin θ2dφ2 − cosψdθ2
]
,
g3 =
1√
2
[− sin θ1dφ1 + cosψ sin θ2dφ2 − sinψdθ2],
g4 =
1√
2
[
dθ1 + sinψ sin θ2dφ2 + cosψdθ2
]
,
g5 = dψ + cos θ1dφ1 + cos θ2dφ2. (4.4)
The 3-form fields are:
F3 =
Mα′
2
{
g5 ∧ g3 ∧ g4 + d[F (τ)(g1 ∧ g3 + g2 ∧ g4)]}
=
Mα′
2
{
g5 ∧ g3 ∧ g4(1− F ) + g5 ∧ g1 ∧ g2F
+F ′dτ ∧ (g1 ∧ g3 + g2 ∧ g4)} , (4.5)
and
B2 =
gsMα
′
2
[f(τ)g1 ∧ g2 + k(τ)g3 ∧ g4] , (4.6)
H3 = dB2 =
gsMα
′
2
[
dτ ∧ (f ′g1 ∧ g2 + k′g3 ∧ g4)
+
1
2
(k − f)g5 ∧ (g1 ∧ g3 + g2 ∧ g4)
]
.
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The self-dual 5-form field strength is decomposed as F˜5 = F5 + ⋆F5, with
F5 = B2 ∧ F3 = gsM
2(α′)2
4
ℓ(τ)g1 ∧ g2 ∧ g3 ∧ g4 ∧ g5 , (4.7)
where
ℓ = f(1− F ) + kF , (4.8)
and
⋆F5 = 4gsM2(α′)2ε−8/3dx0 ∧ dx1 ∧ dx2 ∧ dx3 ∧ dτ ℓ(τ)
K2h2 sinh2(τ)
. (4.9)
The functions introduced in defining the form fields are:
F (τ) =
sinh τ − τ
2 sinh τ
,
f(τ) =
τ coth τ − 1
2 sinh τ
(cosh τ − 1) ,
k(τ) =
τ coth τ − 1
2 sinh τ
(cosh τ + 1) . (4.10)
The equation for the warp factor is
h′ = −αf(1− F ) + kF
K2(τ) sinh2 τ
, (4.11)
where
α = 4(gsMα
′)2ε−8/3 . (4.12)
For large τ we impose the boundary condition that h vanishes. The resulting integral
expression for h is
h(τ) = α
22/3
4
I(τ) = (gsMα
′)222/3ε−8/3I(τ) , (4.13)
where
I(τ) ≡
∫ ∞
τ
dx
x coth x− 1
sinh2 x
(sinh(2x)− 2x)1/3 . (4.14)
The above integral has the following expansion in the IR:
I(τ → 0)→ a0 − a1τ 2 +O(τ 4) , (4.15)
where a0 ≈ 0.71805 and a1 = 22/3 32/3/18. The absence of a linear term in τ reassures
us that we are really expanding around the end of space, where the Wilson loop will
find it more favorable to arrange itself.
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4.2 Quadratic fluctuations of the KS model
We consider the quadratic fluctuations and their influence on the Regge trajectories
(2.30). The full string theory in such backgrounds is not known. However, for a
semiclassical treatment the sigma model action is needed only up to quadratic terms
and it is given by (we follow [25]):
S =
1
4πα′
∫
dσ1dσ2
√
γ
[
(gµνγ
αβ + bµνǫ
αβ)∂αX
µ∂βX
ν
+ i(γαβδIJ − ǫαβ(ρ3)IJ)∂αXmθ¯IΓmDβθJ
]
,
(4.16)
where θI (I=1,2) are the two real positive chirality 10-d MW spinors and Db is the
pullback to the world-sheet of the supergravity covariant derivative in the variation of
the gravitino :
Dα = ∂α+
1
4
∂αX
µ
[
(ωmnµ− 1
2
Hmnµρ3)Γ
mn+(
1
3!
FmnpΓ
mnpκ1+
1
2 · 5!FmnpqrΓ
mnpqrρ0)Γµ
]
(4.17)
where the ρs-matrices in the I, J space are the Pauli matrices κ1 = σ1, ρ0 = iσ2,
ρ3 = σ3. Let us first consider the metric. The part of the metric perpendicular
to the world volume, which is the deformed conifold metric, does not enter in the
classical solution which involves only world volume fields. Noting that the value r0 of
section 2.4.1 is τ = 0, we expand the deformed conifold up to quadratic terms in the
coordinates:
ds26 =
ε4/3
22/331/3
[
1
2
g25 + g
2
3 + g
2
4 +
1
2
dτ 2 +
τ 2
4
(g21 + g
2
2)
]
. (4.18)
Let us further discuss the structure of this metric. It is known on very general grounds
that the deformed conifold is a cone over a space that is topologically S3 × S2 [26].
We can see that the S3 roughly spanned by (g3, g4, g5) has finite size, while the S
2
spanned by (g1, g2) shrinks to zero size at the apex of the deformed conifold. Note that
the radius of the S3 is given by the deformation parameter ε. What is less known is
that up to the level of accuracy of (4.18), (g3, g4, g5) spanned a space t that is not only
topologically but also geometrically an S3 of radius
√
2 [27]. This fact follows from the
explicit construction of a matrix T ∈ SU(2) such that
1
2
Tr dT †dT =
1
2
g25 + g
2
3 + g
2
4. (4.19)
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Because T ∈ SU(2) the resulting metric is a round S3 with radius √2. Thus, we intro-
duce a standard parametrization of S3 in terms of Euler angles (θ, φ, ψ) and identify
1
2
g25 + g
2
3 + g
2
4 =
1
2
(dθ2 + dφ2 + dψ2 + 2 cos θ dφ dψ). (4.20)
Expanding around the classical value of these coordinates φ = ψ = 0, θ = π/2 we
obtain essentially an R3 which we parametrize by (y1, y2, y3). We end up with
1
2
g25 + g
2
3 + g
2
4 −→
1
2
[
dy21 + dy
2
2 + dy
2
3
]
. (4.21)
It must be the case then that (g1, g2) spanned a space that is topologically an S
2.
Because this S2 space is fibered over S3 the combination g21+g
2
2 will necessarily contain
some of the coordinates (θ, φ, ψ). However, up to quadratic terms we can neglect them3.
Thus, to this level of accuracy, we can confidently identify g21 + g
2
2 with a round S
2
with a standard parametrization (θ¯, φ¯). This round S2 has coefficient τ 2 and combines
with the τ direction to give an R3, which we choose to parametrize by (τ1, τ2, τ3):
1
2
[
dτ 2 +
τ 2
2
(g21 + g
2
2)
] −→ 1
2
[
dτ 21 + dτ
2
2 + dτ
2
3
]
. (4.22)
To complete the bosonic part of the string action we need to consider the B-field (4.6) in
this limit, that is, up to quadratic terms in the action (4.16). The B-field contribution
to the action at this order vanishes. A simple way to confirm this is by analyzing the
structure of the NSNS 3-from field strength (4.7). Let us consider the first term in
(4.7). Since near τ = 0 we have the following expansion f ′ ≈ τ 2/4 + O(τ 4) we see
that this term is proportional to the volume element of R3 defined by (τ, g1, g2), thus
in the new coordinates this term of the NSNS 3-form field strength is proportional to
dτ1 ∧ dτ2 ∧ τ3. In the action this term contributes in the form
1
2
gsMα
′
2
τ1 ∂ατ2∂βτ3 ǫ
αβ , (4.23)
which is third order in the action. Similarly, one can check that all other terms in
the B-field contribute terms that are third and higher order and can, therefore, be
neglected in the approximation we are working. Note, that the situation is, again,
different from [6] where the B-field contributed to the quadratic string action. The
reason being that if we take the light-cone gauge involving any of the coordinates yi,
3This situation is completely different from the discussion of [6] where the precise structure of the
fibration is crucial.
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then the above term becomes quadratic. Here, we do not anticipate taking a light-cone
gauge that involves any of the six directions of the deformed conifold. Interestingly,
there is an effective σ-dependent mass term for the τ directions. It arises as we expand
in the GS action the warp factor up to quadratic order in τ
1
2
∫ √
γγαβ(gττ (X¯)
∣∣∣∣
τ=0
∂ατ
i∂βτi +
1
2
∂2gµν(X¯)
∂τ 2
∣∣∣∣
τ=0
∂αX¯
µ∂βX¯
ν τ iτi) (4.24)
Using the conformal gauge γαβ = ηαβ
√
γ with the choice of the Weyl factor such that
the worldsheet metric is equal to the target-space induced metric
γαβ = ∂αX¯
µ∂βX¯
νgµν(X¯)
∣∣∣∣
τ=0
=
1
21/3a
1/2
0
ε
4
3
gsMα′
e2 cos2 σ (4.25)
we find the action for the three massive τ fluctuations
1
2
∫ √
γ
(√
γ−1gsMα
′ a
1/2
0
24/331/3
ηαβ ∂ατ
i∂βτi +
a1
2a0
τ iτi
)
(4.26)
If one is willing to forget about the subtle issues of the path integral measure, then one
would conclude that the τ i fluctuations have a σ-dependent “mass term”
m2B =
2 · 31/3 a1
a20
ε4/3
gsMα′
e2
gsMα′
cos2 σ ≡ 2m20e2 cos2 σ. (4.27)
Note that m0 is proportional to the glueball mass deduced from the dilaton spectrum
in the KS background. Recall that the latter corresponds to a glueball of zero angular
momentum.
Fermionic sector
Since the fermions are already quadratic in fluctuations given that their classical value
is zero we need to worry only about the value of the field strength at the point τ = 0.
This means that effectively HNS vanishes and the RR 3-form F3 is completely directed
along the S3 directions:
F3 =
Mα′
2
g5 ∧ g3 ∧ g4 (4.28)
4.3 The Maldacena-Nu`n˜ez background
The MN background whose IR regime is associated with N = 1 SYM theory is that
of a large number of D5 branes wrapping an S2. To be more precise: (i) the dual field
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theory to this SUGRA background is the N = 1 SYM contaminated with KK modes
which cannot be de–coupled from the IR dynamics, (ii) the IR regime is described by
the SUGRA in the vicinity of the origin where the S2 shrinks to zero size. The full MN
SUGRA background includes the metric, the dilaton and the RR three-form. It can
also be interpreted as an uplifting to ten dimensions a solution of seven dimensional
gauged supergravity [28]. The metric and dilaton of the background are
ds2 = eφ
[
dXadXa + α
′gsN(dτ
2 + e2g(τ)(e21 + e
2
2) +
1
4
(e23 + e
2
4 + e
2
5))
]
,
e2φ = e−2φ0
sinh 2τ
2eg(τ)
,
e2 g(τ) = τ coth 2τ − τ
2
sinh2 2τ
− 1
4
,
(4.29)
where,
e1 = dθ1, e2 = sin θ1dφ1,
e3 = cosψ dθ2 + sinψ sin θ2 dφ2 − a(τ)dθ1,
e4 = − sinψ dθ2 + cosψ sin θ2 dφ2 − a(τ) sin θ1dφ1,
e5 = dψ + cos θ2 dφ2 − cos θ1dφ1, a(τ) = τ
2
sinh2 τ
. (4.30)
where µ = 0, 1, 2, 3, we set the integration constant eφD0 =
√
gsN The 3-form can be
obtained as
HRR = gsN
[
−1
4
(w1 − A1) ∧ (w2 −A2) ∧ (w3 −A3) + 1
4
∑
a
F a ∧ (wa −Aa)
]
A =
1
2
[
σ1a(ρ)dθ1 + σ
2a(ρ) sin θ1dφ1 + σ
3 cos θ1dφ1
]
(4.31)
and the one-forms wa are given by:
w1 + iw2 = e−iψ(dθ2 + i sin θ2dφ2) , w
3 = dψ + cos θ2dφ2 (4.32)
Note that we use notation where x0, xi have dimension of length whereas ρ and the
angles θ1, φ1, θ2, φ2, ψ are dimensionless and hence the appearance of the α
′ in front of
the transverse part of the metric. Moreover, following the notation of [29] a factor of
gsN is multiplying the α
′ instead of N that appears in [5].
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4.4 Quadratic fluctuations in the MN background
The position referred to as r0 in section (2.4.1) is τ = 0. Therefore, we will expand
the metric around that value. Let us first identify some structures in the metric that
are similar to the deformed conifold considered in the previous section. Notice that
e21 + e
2
2 is precisely an S
2. Moreover, near τ = 0 we have that e2g ≈ τ 2 +O(τ 4). Thus
(τ, e1, e2) span an R
3 which we parametrize as (τ1, τ2, τ3).
dτ 2 + e2g(τ)(e21 + e
2
2) −→ dτ 21 + dτ 22 + dτ 23 . (4.33)
Certainly e23 + e
2
4 + e
2
5 parametrizes a space that is topologically a three sphere fibered
over the S2 spanned by (e1, e2). However, near τ = 0 we have a situation very similar
to the structure of the metric in the deformed conifold. Namely, at τ = 0 there
we have that: e5 → g5, e3 →
√
2g4, e4 →
√
2g3 (up to a trivial identification θ1 →
−θ1, φ1 → −φ1). This allows us to identify this combination as a round S3 of radius
2. Subsequently expanding around the classical values of this round S3 we obtain::
e25 + e
2
3 + e
2
4 −→ dy21 + dy22 + dy23. (4.34)
In complete analogy with the KS model the τ directions receive a mass term from the
classical classical solution
γττg00∂τX
0∂τX
0 + γαβ∂αX
i∂βX
igii =
(
8eφ0
9
α′gsN e
2 cos2 σ
)
τ iτi (4.35)
The B-field in this background is zero. We thus have obtained the same bosonic
spectrum for the quadratic fluctuations around the Regge trajectories in both the KS
and MN backgrounds.
Fermionic sector
The treatment of the fermionic sector is very similar to the situation with the KS
metric. Indeed, at the classical level, without including any fluctuation the RR 3-form
flux is all directed along the S3 directions and equals4
HRR = −1
4
gsNw
1 ∧ w2 ∧ w3. (4.36)
This implies that that the effective action for the fermion is precisely of the same type
as in the KS case except that the value of ℓ is different in this case and depends on the
specific parameters of the MN solution.
4To bring the RR 3-from field strength to this form we use the fact that near the origin (τ = 0)
the field A in (4.31) is a pure gauge [5, 6].
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5 Quantum corrected Regge trajectories for spinning strings
in confining backgrounds
The quantization can be done together for both backgrounds since their bosonic and
fermionic content is identical. It will be useful to trade the parameters of the theories ε
(KS) and φ0, gsN (MN) by the gauge theoretic quantities: String tension, KK masses,
etc.
5.1 Bosonic corrections
As can be inferred from the analysis of the expansion in the KS and MN backgrounds
around the spinning string the main new modification consist on the appearance of a
massive term for the radial direction τ . The equation of motion for the radial fluctua-
tions is [
∂2τ − ∂2σ + 2m20e2 cos2(σ)
]
δτi = 0, (5.1)
where i = 1, 2, 3 and m20 =
4
9
1
gsNα′
for the MN solution and m20 =
31/3a1
a2
0
ε4/3
gsMα′
1
gsMα′
for
the KS solution. Assuming that the fluctuations take the standard form δτi = e
inτδτi(σ)
we obtain: [ ∂2
∂σ2
+ (n2 − 2m
2
0e
2
2
)−m20 e2 cos 2σ
]
δτi(σ) = 0. (5.2)
The solution to this equations are the Mathieu functions. One of them is C(a, q, z)
which is even and the other S(a, q, z) which is odd. It is known that there is no simple
analytical presentation for the Mathieu functions. However, they are very well studied
numerically and series expansions near q = 0 are known (see appendix B). Note that
for q = 0 the Mathieu functions are simply cos
√
au and sin
√
au. For nonzero q the
Mathieu functions are periodic only for certain values of a. To extract some useful
physical information we will content ourselves with analyzing the effect of the mass
term in these solutions. Basically, taking m0 = 0 in (5.1) reduces the problem to
flat space. Thus for practical reasons we will consider how the small but nonzero m0
modifies the flat space result. In principle we could go up to higher and higher order
in m0 since we know the values of the eigenfunction and eigenvalues of the Mathieu
equation in a series expansion in q = m20/4 (see appendix B). The eigenvalues of the
operator (5.1) are
λr,n = n
2 +m20e
2 + r2 +
1
2(r2 − 1)
m40e
4
4
+O(m80), (5.3)
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where r and n are integers. The quantity we are interested is∑
r,n∈Z
λr,n ≈
∑
r,n∈Z
r2 + n2 +m20e
2 = . . . (5.4)
The sum of this type of eigenvalues is similar to the situation for a massive scalar field
yielding the following expression for the zero point energy [30]:
γ0(µ) =
µ
2
+
∞∑
n=1
√
n2 + µ2
=
µ
2
+
[
− 1
12
+
µ
2
− µ
2
2
ln(4π e−γ) +
∞∑
n=2
(−1)nΓ(n−
1
2
)
n!Γ(−1
2
)
ξ(2n− 1)µ2n
]
.
(5.5)
In our particular case µ = m0e and we should trust the above expression up to the
first nontrivial term in m0.
Let us now investigate the implications of these bosonic modes on the Regge tra-
jectories. Altogether there are five massless bosonic modes and three “massive” ones.
Substituting their contributions into (3.6) we get
e(E − E¯) = π
2
(
− 8
12
+ 3m0e
)
(5.6)
By substituting in the previous equation that E¯ = e/(α′), J = e2/(2α′), we find that
the bosonic fluctuations lead to a nonlinear Regge trajectory
J ≈ 1
2
α′(E − 3π
2
m0)
2 +∆b =
1
2
α′E2 + α0 − 3π
2
α′Em0 +∆b (5.7)
Several remarks are in order: (i) The term ∆b, which would have been the quantum
correction had the bosonic modes been massless, will be canceled out by an equal
term from the fermionic fluctuations. (ii) The intercept is given by α′0 =
α′
2
(3π
2
m0)
2.
Recall that m0 is proportional to the mass of the glueball of vanishing J . This is in
agreement with the form of the Regge trajectory where one can interpret the intercept
as α′0 =
1
2
α′m2J=0. (iii) The deviation between our “Regge” trajectory and the usual
one is the −3π
2
α′Em0 term.
We have not been completely rigorous in the treatment of the δτi fluctuations.
The complete contribution of these modes to the path integral can be computed as in
section 3.3. Namely, consider the path integral∫
Dδτi exp
[
− Ts
2
∫
dσdτ
√
γγαβ
(
∂αδτi∂βδτ
i +m20 cos
2 σδτiδτ
i
) ]
= det
(
∆γ − 1√
γ
m20e
2 cos2 σ
)−3/2
,
(5.8)
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where the determinant is as usual de 2-d Laplace operator:
∆γ =
1√
γ
∂αγ
αβ√γ∂β . (5.9)
In the particular conformal gauge where we work, with the worldsheet metric equal to
the induced target space metric, we can relate the determinant of the above expression
(5.8) to the determinant computed in (5.5). Explicitly we have
det
(
∆γ − 1√
γ
m20 cos
2 σ
)
= det
[
γ−1/2
(
ηαβ∂α∂β −m20e2 cos2 σ
) ]
. (5.10)
The contribution of the conformal factor was calculated in section 3.3 following the
methods of [19,20] and amounts to a shift in the expression of the determinant by -T/6
(see equations (3.57) and (3.58)).
5.2 Fermionic corrections
To complete our treatment of Regge trajectories in confining backgrounds we now turn
to fermions. We will fix, as in the flat space case, the kappa-symmetry by identifying
θ1 = θ2 = θ. The fermionic action, to terms quadratic in the fluctuations, is given by
SF ≈ i
2
Ts
∫ √
γγαβ
(
θ¯∂αX¯
µΓµ∂βθ +
1
4
∂αX¯
µ∂βX¯
ν θ¯γµfˆγν
)
(5.11)
where fˆ is the contraction of the 3-form field strength with ten dimensional Dirac
gamma matrices. In particular, we have
fˆ 2 = −3
2
1
g3sMα
′ a3/20
. (5.12)
In the conformal gauge the action becomes
SF ≈ i
2
Ts
∫ (
ηαβ∂αX¯
µθ¯Γµ∂βθ − 1
2
√
γθ¯fˆθ
)
=
i
2
Ts
∫ [
e
√
g00
(
θ¯(Γ0 − (Γ1 cos τ − Γ2 sin τ) sin σ)θ˙
+ θ¯(Γ1 sin τ + Γ2 cos τ) cos σθ′
)
− 1
2
√
γθ¯fˆθ
]
. (5.13)
The kinetic term can be simplified further by using the same type of unitary trans-
formation as in the flat space case (see (3.36)), at the expense of obtaining a more
complicated mass term. In the end, one obtains
SF ≈ i
2
Ts
∫
cosσ
[
e
√
g00
(
Ψ¯Γ0Ψ˙ + Ψ¯Γ2Ψ′
)
+ΨθMΨ
]
, (5.14)
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where the mass term is
M = − 1
2 cosσ
√
γfˆ + e
√
g00
(
Γ0U−101 U
−1
12 ∂τU12U01 + Γ
2U−101 ∂σU01
)
. (5.15)
The ten dimensional rotations implemented by
U12 = e
1
2
τΓ1Γ2 U01 = exp(−1
2
arccosh(
1
cosσ
)Γ0Γ1) (5.16)
are used to rewrite the Dirac matrices that appear in the kinetic term as
Γ1 cos τ − Γ2 sin τ = U12U01Γ1U−101 U−112
U12U01Γ0 cos σU
−1
01 U
−1
12 = (Γ0 + (Γ1 cos τ − Γ2 sin τ) sin σ = U12U01Γ0 cosσU−101 U−112 .(5.17)
The fermionic determinant
More rigorously and to avoid issues with the field redefinition of the fermions as in
(3.37) we turn to the path integral evaluation of the partition function. The path
integral we want to consider is similar to the one for fermions in flat space with the
notable difference that the RR 3-form field strength is nonvanishing and contributes
what we could think of as an extra mass term for the fermions∫
[Dθ] exp
[
iTs
2
∫
dσdτ
√
γθ¯γαβ∂αX¯
mΓm
(
∂β +
1
2
∂βX¯
nfˆΓn
)
θ
]
=
[
det(γαβ∂αX¯
mΓm
(
∂β +
1
2
∂βX¯
nfˆΓn
)]8
=
[
det(γαβ∂αX¯
mΓm
(
∂β +
1
2
∂βX¯
nfˆΓn
)
γγδ∂γX¯
qΓq
(
∂δ +
1
2
∂δX¯
pfˆΓp
)]4
=
[
det
(
γαβ∂α∂β + fˆ
2
)]4
=
[
det γ−1/2
(
ηαβ∂α∂β −m2F
) ]4
. (5.18)
where the fermionic mass term mF can be expressed as
m2F =
3ε4/3
24/3a20(g
4
sM
2α′2)
e2 cos2 σ ≡ 2l2e2 cos2 σ (5.19)
5.3 Quantum corrected Regge trajectories from string theory
Putting together all the partial results of this section we obtain that the corrections to
the classical Regge trajectories is given by the zero point energy:
lnZ = π
(
4ℓ− 3
2
m0
)
. (5.20)
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This explicit formula has been obtained in the limit in which both m0 and ℓ are
small. This is the limit in which the eigenvalues of the Mathieu equation have explicit
analytical expressions. In a more general situation there is no reason for us to restrict
ourselves to the small m0 and ℓ limit. In fact, as mentioned before, general formulas
for the eigenvalues of the Mathieu equations are available. According to the expression
Klebanov-Strassler Maldacena-Nu´n˜ez
m0
31/6a
1/2
1
a0
ǫ2/3
gsMα′
2
3
1√
gsNα′
ℓ 3
1/2
27/6 a0
g−1s
ε2/3
gsMα′
21/2
gsN
√
gsNα′
Table 2: Parameters determining the Regge intercept for the KS and MN solution.
(3.9) the effect of these quantum corrections on the Regge trajectories is
e(E − E¯) =
(
3
2
m0 − 4ℓ
)
π e ≡ z0e (5.21)
Then, by substituting in the previous equation that E¯ = e/(α′), J = e2/(2α′), we
derive a nonlinear Regge trajectory
J =
1
2
α′eff E
2 − α′effz0 E +
1
2
α′effz
2
0 . (5.22)
Based on table (2) and the expression (5.20), it seems natural to consider the small
ℓ limit since for both backgrounds the dimensionless effective parameter is ℓ e. This
combination is proportional to the classical string energy and therefore controls the
backreaction of the spinning string on the supergravity background. In the case of
the KS background there is another ratio: the deformation parameter to the effective
radius of the background, which can be taken to be small. The supergravity limit
requires the effective radius of the background in string units gsN to be large. There
are factors of gs in both expressions which can in principle be taken arbitrary and
thus allows us to explore other regimes but this might require considering higher loops.
Nevertheless, the case can be made for generic values of ℓ and m0 resulting in a positive
value of the expression (5.20). This implies that the second term in (5.22) is negative
and that the intercept of the corresponding Regge trajectory is positive.
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6 Phenomenology
In this section we attempt to elucidate how our results compare to the phenomeno-
logical data. Let us begin by clarifying the regime of validity of our string theory
calculations. The models we considered are expected to be dual to N = 1 SYM plus
extra matter coming from the KK supergravity modes. Evidently this is not QCD,
which will constitutes our main source of experimental and lattice results. In the semi-
classical analysis that we use, we assume that the supergravity approximation is valid.
The validity of SUGRA has two implications. The first one is that the extra matter
fields and the pure glue fields will have approximately similar masses and we will nec-
essarily end up with mixing of these two sectors. The second implication is that the
validity of the supergravity approximation requires low curvatures which translates into
large N in the gauge theory. We will nevertheless, see remarkable qualitative and even
quantitative similarities. Our last cautionary point involves the difference among Regge
trajectories for mesons, baryons and glueballs. For mesons and baryons Regge trajecto-
ries have been experimentally confirmed since the 60’s. The precise experimental value
of the slope α′ depends on the flavor content of the states lying on the corresponding
trajectory. However, a universal value could be taken to be α′ ≈ .85GeV −2. For the
purpose of this paper we will consider some of the trajectories presented in [1] but will
use the current (2002) particle data book for accuracy. The soft Pomeron trajectory is
qualitatively different from the Regge trajectories for mesons and baryons. Its slope is
flatter. The phenomenological parameters of the soft Pomeron are: J = 1.08 + 0.25t,
that is α′ = 0.25 GeV−2 [31]. The identification of the Pomeron with glueballs seems
very plausible and a strong pushed toward its demonstration is being made using
lattice [32] and other semi-analytical techniques [33]. The identification of the soft
Pomeron trajectory with a trajectory of glueballs does not provide direct information
about the value of the glueballs and we therefore turn to the more complete data pro-
vided by lattice results [34, 35]. There are many models attempting to explain the
difference between the Pomeron slope and the slope for baryons and mesons. Most of
the arguments are based on the universal idea that the flux tube between a quark and
an antiquark has flux in the fundamental representation while for glueballs the flux is
in the adjoint representation. It then follows that the ratio of the slopes is given by
the Casimir operators in the fundamental and adjoint representations:
αgg
αqq¯
=
Cfund.
Cadjoint
=
N2 − 1
2N2
(6.1)
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In the large N limit the ratio goes to 1/2. This is precisely the ratio of slopes obtained
by considering the trajectories resulting from classical solutions of closed and open
strings spinning in flat space (see eqn (2.4) and (2.7)). Since, as shown in section 2,
at the classical level the net effect of putting the strings to spin in actual confining
backgrounds rather than in flat space, is a rescaling of the string tension we conclude
that this 1/2 is precisely the ratio of the slopes of the Regge trajectories for closed/open
(glueball/mesons) predicted by the gauge/gravity correspondence.
6.1 A theoretical value of the Regge slope for glueballs
In this subsection we will show that the low-lying glueball masses calculated in the KS
model by Ca´ceres and Herna´ndez [36] provide an impressive numerical match for the
slope of the soft Pomeron trajectory. A similar analysis was carried out for the MN
background in [37], it results turn out to be less conclusive. The values obtained in [36]
are presented in table 3. The mass is measured in units of the conifold deformation
State (Mass)2/ε4/3
0++ 9.78
0++∗ 33.17
1−− 14.05
1−−∗ 42.90
Table 3: Mass2 in units of the conifold deformation for the low-lying glueballs in the
KS model [36].
ε2/3. In the KS background the conifold deformation naturally sets the mass scale of
the four dimensional gauge theory. However, there is also a large number gsM which
sets a hierarchy of scales scales between the glueball masses and the string tension [4].
Since we do not reliably know how to fix the value of ε it makes little sense to find the
full Regge trajectory J = α0+α
′t. However, since the combination α′ t is independent
of the units used to measure mass, it makes sense to compute it. Using, as customary,
the lightest glueballs for a given spin we find
J = 0.234 t+ α0. (6.2)
The first term is remarkably close to the experimental value for the soft Pomeron of
0.25 t.
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6.2 Glueball Regge trajectories from the lattice
Since definite experimental evidence for the existence of glueballs remain elusive we
will limit our analysis to the lattice data. The lattice results we will use are extracted
from [34, 35]. The analysis of [34] was performed for QCD (N = 3), the prediction
for the lowest lying glueball at each spin are given in table 4 The analysis of [35] is
State Mass (GeV)
0++ 1.73
2++ 2.40
3++ 3.64
Table 4: Continuum limit for glueball masses from Morningstar and Peardon [34].
summarized in table 5. It contain extrapolations of the values of the mass for N →∞
assuming that the difference between the masses at finite and infinite N is of the form
const. N−2. The best linear fit for the data of [34] and [35] is given by
State Mass(GeV) for SU(3) Mass(GeV) for SU(N →∞)
0++ 1.64 1.60
2++ 2.33 2.16.
3++ 4.00 —
Table 5: Glueball masses from Teper [35].
JMP = −0.234 + 0.259 tMP , JT = 0.148 + .189 tT . (6.3)
As we have seen in previous sections the intercept is a crucial parameter that result
from quantum corrections on the string side. We are thus particularly interested in
comparing our theoretical result against the lattice date. Unfortunately, the evidence
is inconclusive since the data of [34] yields a negative intercept while [35] yields a
positive intercept. If we assume that all the points have roughly the same error we
could combine all the data, this results in
J = 0.0265 + 0.213 t. (6.4)
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This trajectory has a positive slope and the value of α′ is closer to the one observed
for the soft nonperturbative Pomeron. Another argument in favor of a positive inter-
cept can be given by considering the best fit without including the zero spin states.
The reason for excluding the zero spin states arises because the semiclassical analysis
requires large spin.
6.3 Pomeron phenomenology
6.3.1 The intercept
There are other considerations leading to a positive intercept for the soft Pomeron
trajectory. A given Regge trajectory α(t) contributes a term proportional to sα(0)−1 to
the total cross section σab. It is observed that many total cross sections in elastic scat-
tering (p¯p, pp, π−p, π+p) rise with s at high energy [31], which is why a soft-pomeron-
exchange term is needed in addition to the experimentally observed trajectories of
(ρ, ω, . . .). One of the implications of Regge theory is that the total cross-section has,
to leading order in (s/s0), a simple power behavior: σ
tot ∼
(
s
s0
)α(0)−1
, where s0 is
empirically around 1 Gev2. The total cross-sections for various states are remarkably
constant over a large range of s. Constancy of σtot(s) requires α0 ≈ 1. The fact that
most mesonic and baryonic trajectories have α0 different from 1 prompted introduc-
tion of a new trajectory with α0 ≈ 1. In [31] a parametrization of the intercept for the
Pomeron trajectory as ǫ = α(0)−1 has been shown to fit all data for total cross sections
(p¯p, pp, π−p, π+p, K−p, K+p, p¯n, pn) with ǫ = 0.081 and ǫ = 0.096 This value of the
intercept which imply a positive power of s in the total cross section will naively violate
the Froissart bound σab ≤ (π/m2π) log2(s/s0) when the energy becomes extremely large.
It is natural to assume then, that the power of s is only an effective power which must
reduce as s increases. There are various proposal as to the concrete mechanism for
achieving this variation in the power of s including different couplings of the pomeron
and or multipomeron exchange [31, 38]. However, the explanation is that the total
cross section takes this form only in the range of energies discussed, for higher energies
there should be two or more pomerons being exchanged. It is, of course, far-fetched
for us to claim that our formula (5.20) coincides with the experimental data. What is
natural to assume, given that the metric and the three form are related by the Sugra
equations of motion, is that m0 and ℓ in (5.20) are of the same order. Under this
natural assumption we obtain a positive intercept for the Regge trajectories describing
glueballs.
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6.3.2 Nonlinearity of the Pomeron Regge trajectory from string theory
There are various experimental and theoretical reasons why the Regge trajectory must
be nonlinear. Strong experimental evidence for the nonlinearity of the Pomeron Regge
trajectory was presented by the UA8 collaboration [39]. The standard linear trajectory
of the Pomeron is too small in the 1-2 GeV−2 |t| - region to adequately describe the
data and it is suggested experimentally that:
α(t) = 1.10 + 0.25t+ α′′ t2, (6.5)
where α′′ = 0.079 ± 0.012GeV −4. It is, of course a challenge to provide a theoretical
foundation for such trajectory. Some phenomenological attempts have been put for-
ward in, for example, [40]. We find it very encouraging that the nonlinear trajectories
we obtain share some of the properties of (6.5) at the qualitative level. In particular
(5.22) has a positive intercept and positive curvature (α(t)′′ > 0) which are completely
compatible with (6.5).
6.4 Regge trajectories for mesons
The data for mesons is more abundant. Some of the trajectories are
• ρ(770) (1−−), a2(1320) (2++), ρ3(1690) (3−−), a4(2040) (4++)
• ω(782) (1−−), f2(1420) (2++), ω3(1670) (3−−), f4(2050) (4++)
• K∗(892) (1−), K∗2(1430) (2+), K∗3 (1780) (3−), K∗4 (2045) (4+), K∗5 (2380) (5−)
• π0(135) (0−+), b1(1235) (1+−), a2(1700) (2++).
In the above list the masses are given in MeV but the Regge trajectories are usually
written in GeV units. The main conclusion we would like to draw is that the intercept
depends on the particular Regge trajectory but it is generically small and positive. It
can also be seen that the slope is practically universal and considerably larger than
that of the glueballs. Our main analysis applies strictly to Regge trajectories made of
glueballs since we consider closed strings. However, the treatment of open strings is
similar. The technical elements follow closely those described in this paper which yield
a positive value for the intercept.
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6.4.1 Nonlinear Regge trajectories for mesons
Realistic Regge trajectories extracted from data are nonlinear. For example, the
straight line that crosses the ρ and ρ3 squared masses corresponds to an intercept of
αρ(0) = 0.48, whereas the physical intercept is located at 0.55. Similarly, the straight
line which crosses the K∗2 and K
∗
4 squared masses corresponds to an intercept of 0.1,
whereas the physical intercept is 0.4. A more detailed studied was carried out in [41].
The corrections computed using strings spinning in sugra backgrounds dual to con-
fining gauge theories have a similar qualitative effect on linear Regge trajectories.
Comments on the 2+1 Glueball trajectories
It is interesting to note that the existence of Regge trajectories for glueballs in 2+1
dimensions has been shown explicitly in [42]. In this case, as opposed to the cases
considered in 3+1, the intercept is unambiguously negative. It would be very interesting
to extend the analysis of this paper to 2+1 where lattice data is more abundant. In
the context of the gauge/gravity correspondence there are supergravity backgrounds
dual to confining 2+1 gauge theories. It has recently been shown that these Sugra
backgrounds dual to confining gauge theories in 2+1 admit a set of hadronic states
similar to the annulons [43]. This fact encourages one to believe that more generic
hadronic states similar to the large spin hadrons considered in this paper ought to
exists in these 2+1 confining theories.
7 Conclusions
In this paper we have studied Regge trajectories from the string theory point of view.
Classically, Regge trajectories in string theory are linear with zero intercept. We have
shown that for strings spinning in flat space the one-loop corrected Regge trajectory
receives an positive intercept in the bosonic case whereas in the supersymmetric case
the trajectory remains a straight line through the origin even at one loop order.
Our main results are related to the analysis of strings spinning in supergravity
backgrounds dual to confining gauge theories. By explicitly considering the KS and
MN backgrounds we obtained that for configurations of spinning string they are both
qualitatively identical. A unified analysis of the quantum correction was carried out
in section 5. Generically the trajectories are nonlinear at the one loop level. We
found that for the full background the resulting Regge trajectory generically has a
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positive intercept and the has α(t)′′ > 0. Since we consider spinning closed strings, our
results should be compared to glueball trajectories. The most relevant experimental
information comes from the soft Pomeron trajectory. The Pomeron trajectory has a
positive intercept. However we find that the modifications to the Regge trajectories
are different for the bosonic string and the superstring. Motivated by an attempt to
see if our analysis contains in principle a qualitative match we considered only the
bosonic contribution at one loop. Interestingly we find that two distinctive features
of our trajectory coincide with properties of the he best experimental fit to the UA8
collaboration data [39], that is a Regge trajectory of the form: J = α(t) = α(0)+α′ t+
α′′ t2. Our trajectories have a positive intercept and a positive curvature (α(t)′′ > 0).
We would like to comment of the regime of validity of our calculations. Since
we use a classical string in supergravity backgrounds we start by requiring that the
supergravity approximation to string theory be valid. That implies small curvatures
which in the field theory side means large rank of the gauge group N . The fact that
we work at large N implies that some finer structure of Regge trajectories (cuts, etc.)
is hidden. Making contact with this finer structure is one of the most interesting
directions of future development. Equally worth pursuing is the precise relation of our
work to the study of Polchinski and Strassler on Regge physics [44] (Regge physics
in the context of the AdS/CFT has also been discussed in [45]). Another important
point in our approximation is that we treat the string semiclassically. This implies
that we want its energy to be large so that the fluctuations are reasonably small but
we certainly do not want to make it so heavy as to invalidate treating it as a probe
in the supergravity background. This is easily achieved in the models we consider and
implies a hierarchy between the glueball mass and the curvature of the supergravity
background. Let us also point out that the models which we discussed are dual to
gauge theories with no fundamental matter and this limits further the comparison to
QCD. It would very interesting to improve our discussion by considering models with
fundamental matter.
It is worth mentioning that our result is not only compatible with some of the as-
pects of the best experimental fit to the Pomeron trajectory but seems to be compatible
with some of the phenomenological models introduced in the literature, in particular,
models that contain square roots.
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A Evaluation of the free energy for the static open string
We include here the details of the evaluation of the free energy for the static open
string. Our purpose is to show explicitly how the regularization works. We follow [46]
who uses analytic regularization in which
ln x = − ∂
∂β
x−β |β=0 . (A.1)
We want to evaluate
det
(−∂2τ − ∂2σ) = expTr ln(−∂2τ − ∂2σ). (A.2)
The fluctuations have to vanish at the boundary and therefore the eigenfunctions are
of the form η(τ, σ) = sin(nπσ/L) sin(mπτ/T ) with eigenvalues
λm,n =
(mπ
T
)2
+
(nπ
L
)2
. (A.3)
Thus,
Tr ln(−∂2τ − ∂2σ) =
∑
m,n
lnλm,n
=
∑
m,m
− ∂
∂β
(λm,n)
−β|β=0
= − ∂
∂β
∑
m,n
(
(
mπ
T
)2 + (
nπ
L
)2
)−β
|β=0.
(A.4)
47
We now trade the sum over m by an integral, given that we are interested in the limit
T →∞
− ∂
∂β
∞∑
n=1
T
2π
∫
dω
(
ω2 + (nπ/L)2
)−β |β=0
= − ∂
∂β
T
2π
∞∑
n=1
(
n2π2
L2
)1/2−β √
π
Γ(β − 1/2)
Γ(β)
|β=0
− T
(4π)1/2
∂
∂β
Γ(β − 1/2)
Γ(β)
ξ(2β − 1)
(
L2
π2
)β−1/2
|β=0
− π T
12 L
.
(A.5)
B Some properties of Mathieu functions
In this appendix we collect some known facts about Mathieu functions that are relevant
for the concrete use made in the main text. The Mathieu differential equation is
d2
dz2
y + [a− 2q cos(2 z)]y = 0. (B.1)
Its general solution is of the form
y = c1C(a, q, z) + c2S(a, q, z), (B.2)
where C(a, q, z) and S(a, q, z) are Mathieu functions denoting the even and odd so-
lutions. As mentioned in the main test, there is no analytic simple form for these
functions. However series expansions for the functions C(a, q, z) and S(a, q, z) near
small q are well known.
C(ar(q), q, z) ≈ cos(r z) + 1
4
(
cos((r − 2)z)
r − 1 −
cos((r + 2)z)
r + 1
)
q
+
1
32
(
cos((r − 4)z)
(r − 2)(r − 1) −
2(r2 + 1) cos(rz)
(r2 − 1)2 +
cos((r + 4))z
(r + 1)(r + 2)
)
q2 + . . .
(B.3)
here r is an integer number known as the characteristic exponent of the Mathieu
function which allows to write the Mathieu function as exp(i r z)f(z) where f(z) is 2π
periodic with characteristic value a. There are also well established series expansions
for the Mathieu characteristics, that is, for the values of a such that the Mathieu
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function is periodic.
ar(q) ≈ r2 + 1
2(r2 − 1) q
2 +
5r2 + 7
32(r2 − 4)(r2 − 1)3 q
4
+
9r4 + 58r2 + 29
64(r2 − 9)(r2 − 4)(r2 − 1)5 q
6 + . . .
(B.4)
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